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A subriemannian manifold (M, D, g) is a differential manifold M equipped with a sub‐
bundle D of the tangent bundle TM of M.
We emphasize abnormal extremals (abnormal geodesics) in subriemannian geometry and
in particular show results of abnormal extremals on Cartan distributions of growth(2, 3, 5). The
subriemannian geometry is very important in differential geometry and it is closely related to
the control theory.
§1. Introduction
This paper is a survey paper on subriemannian geometry and authors thesis [10]
with related topics, based on the talk by the author at RIMS Symposium \backslash \backslash Theory of sin‐
gularities of smooth mappings and around it (Nov.25‐29, 2013), organized by Takashi
Nishimura. We emphasize abnormal extremals (abnormal geodesics) in subriemannian
geometry and in particular show results of abnormal extremals on Cartan distributions.
The subriemannian geometry is very important in differential geometry and it is closely
related to the control theory.
First of all we give a survey on the problem of length‐minimizing paths and ex‐
plain the abnormal exremals (abnormal geodesics) that does not appear in riemannian
geometry but does in subriemannian geometry.
A subriemannian structure on a manifold M is a pair (D, g) such that D is a smooth
distribution on M and g is a riemannian metric on D . A subriemannian manifold is
a triple (M, D, g) such that M is a manifold and (D, g) is a subriemannian structure
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on M . In particular, if D=TM then (M, D, g) is nothing but a riemannian manifold
(M, g) .
Riemannian geometry tells us that a minimizer (i.e., a shortest path) between
two points of a riemannian manifold (M, g) is a geodesic, provided that the curve is
parametrized by arc‐length, and the geodesics are characterized to be the curves satis‐
fying the geodesic equation expressed in local coordinates as:
\displaystyle \ddot{X}^{i}+\sum \mathrm{r}_{jk^{\dot{X}^{j}\dot{x}^{k}=0}}^{i}\mathrm{t},
where \mathrm{r}_{jk}^{\mathrm{t}i} denotes the Christoffel symbol. Conversely, every geodesic is locally length
minimizing. In the formulation of symplectic geometry, the geodesics x(t) are the pro‐
jections to the base manifold M of the integral curves (x(t),p(t)) of the Hamiltonian
vector field Ê defined on the cotangent bundle T^{*}M , where E is the energy function
associated to the metric g.
Now in subriemannian geometry, it is also of fundamental importance to study
minimizers between two points of a subriemannian manifold (M, D, g) . Since the metric
g is defined only on the subbundle D of TM in this subriemannian case, there is no
canonical means to define the length of a general curve  $\gamma$ : [a, b] \rightarrow M . But we can well
speak of the length of  $\gamma$ if  $\gamma$ is an integral curve of  D , that is, if \dot{ $\gamma$}(t) \in D_{ $\gamma$(t)} for all t.
On the other hand Chows theorem tells that if M is connected and if D is non‐
holonomic (in other word, bracket‐generating , then any two points ofM can be joined
by a piecewise smooth integral curve of D (see Theorem 2.4).
Hence, especially for a nonholonomic subriemannian manifold (M, D, g) , it makes
sense and is important to study the minimizers (length minimizing piecewise smooth
integral curves) between two points of the subriemannian manifold (M, D, g) . However,
contrary to the riemannian case, this problem is very subtle, mainly because the space
C_{D}(p, q) of all integral curves of D joining p and q may have singularities, while the
space C(p, q) of all curves joining p and q has no singularity and is a smooth infinite
dimensional manifold, which makes difficult to apply directly the method of variation
to the subriemannian case.
For a subriemannian manifold (M, D, g) we define a normal biextremal to be an
integral curve of the Hamiltonian vector field Ê associated to the Hamiltonian function
E : T^{*}M \rightarrow  R , where E is the energy function associated with the subriemannian
metric g . We then define a normal extremal to be the projection to M of a normal
biextremal(Definition 5.1). Then, as in riemannian geometry, a normal extremal is
locally a minimizer(Theorem 5.2)
However, R. Montgomery ([13], [14]) and I. Kupka [11] discovered that there exists
a minimizer which is not a normal extremal, and hence called it abnormal. The appear‐
ance of abnormal minimizers is a surprising phenomenon never arising in riemannian
geometry but peculiar to subriemannian geometry.
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If D is a distribution on M , then the annihilator bundle D^{\perp} , considered as a
submanifold of the symplectic manifold T^{*}M , carries \mathrm{a} (singular) characteristic distri‐
bution \mathrm{C}\mathrm{h}(D^{\perp}) . A \mathrm{n} integral curve of this characteristic system \mathrm{C}\mathrm{h}(D^{\perp}) contained in
D^{\perp}\backslash {zero section} is called an abnormal biextremal, of which the projection to M is
called an abnormal extremal (Definition 7.1).
A rigorous application of the Pontryagin Maximum Principle of Optimal Control
Theory to subriemannian geometry shows that a minimizer of subriemannian manifold
(M, D, g) is either a normal extremal of (D, g) or an abnormal extremal of D.
This settled the long discussions that had been made until 1990 s by many math‐
ematicians with erroneous statements, and gave a right way to treat the problem of
length‐minimizing paths in subriemannian geometry. The difference between rieman‐
nian geometry and subriemannian geometry lies in particular on the existence of ab‐
normal geodesics. It is known that abnormal geodesics are characterized as singular
curves of so‐called endpoint mapping in control theory (see Montgomery[14] and §9 of
this paper). We will give a survey on the problem of length‐minimizing paths mainly
following Liu and Sussmann [12]. We then consider this problem in a concrete case of
the standard Cartan distribution. Referring to [16], we will carry out detailed computa‐
tion of extremals, which will well illustrate how normal and abnormal extremals appear
in subriemannian geometry.
Let D \subset  TY be a distribution on a five dimensional manifold Y with growth
(2, 3, 5). Distributions with growth (2, 3, 5) were studied by Cartan in the famous paper
[6]. In fact they are called systems of Cartan type in [5]. In general, the space of singular
paths (or abnormal extremals) of a given distribution plays an important role as it is
an intrinsic invariant of the distribution. For spaces with (2, 3, 5)‐distributions, the
construction of the space of singular paths and the existence of natural double fibration
was mentioned for the first time in unpublished lecture notes by Bryant [4].
It is known that for any point y of Y and for any direction of D_{y} , there exists
uniquely a singular D‐path (or an immersed abnormal extremal) through y with the
given direction. Then the immersive singular D‐paths form another five dimensional
manifold X . Moreover we remark that X is endowed with a natural cone structure
C\subset TX induced from the Cartan prolongation E of D on a six dimensional manifold
Z and a projection Z\rightarrow X.
It seems to be natural to consider what are \backslash \backslash abnormal geodesics for the cone
structure and whether the original space Y can be regarded as the moduli space of
the \backslash \backslash abnormal geodesics of X , after a proper formulation. Because the cone structure
C\subset TX is not a distribution, so it is impossible to apply the non‐holonomic geometry
or subriemannian geometry directly to our situation. However, we can regard the cone
structure as a control system and therefore we can consider the endpoint mapping and
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singular curves of cone structure. Thus we establish the duality on abnormal geodesics
or singular paths on Cartan distribution.
Then we are naturally led to consider the corresponding objects for the cone struc‐
ture C \subset  TX to singular paths for D \subset  TY and to obtain the \backslash \backslash inverse construction
from the space X to the original space Y . To realise this, we regard the cone structure
 C\subset  TX as a control system \mathbb{C} : E\rightarrow TX \rightarrow X on X defined by the differential map
E\mapsto TZ\rightarrow TX of the projection Z\rightarrow X and consider the space of singular \mathbb{C}‐paths.
Then we show that the original space Y is identified with the space of singular \mathbb{C}‐paths
on X , at least locally, while X is identified with the space of singular D‐paths (See The‐
orem 10.1). In fact, a singular \mathbb{C}‐path on X consists of singular D‐paths on Y which
pass through a fixed point of Y.
In the authors thesis [10], we studied homogeneous subriemannian structures, in
particular, we classified homogeneous contact subriemannian structures. In our paper
[8], we have studied cone structures which arise naturally from Cartan distributions,
in terms of control systems. The usage of the notion of control systems enables us
clarify the duality of abnormal geodesics on subriemannian Cartan structures. Since
control systems are generalizations of distributions, it is very natural to study homoge‐
neous control systems and subriemannian structures on them, which will be treated in
forthcoming papers.
§2. Nonholonomic distributions
Let M be a differentiable manifold. A subbudle D of its tangent bundle TM of
M of rank r is alternatively called a distribution on M of dimension r , since it gives a
law which assigns to every point p \in  M an r‐dimensional subspace D_{p} of the tangent
space T_{p}M . A section of D on an open set U\subset M is a local vector field X defined on
U such that X_{p} \in  D_{p} for all p \in  U . A local basis of D on U is a system of sections
X_{1} , :::, X_{r} of D defined on U such that \{(X_{1})_{p}, :::, (X_{r})_{p}\} forms a basis of D_{p} for all
 p\in  U . It is clear that for any point p_{0} \in  M there is an local basis of D defined on a
neighborhood of p_{0} . If \{X_{1}, :::, X_{r}\} is a local basis of D on U , then any section X of
D on U is uniquely written:
X=f_{1}X_{1}+\cdots+f_{r}X_{r}
with some functions f_{1} , :::, f_{r} on U , and we say that D\mathrm{i}∪ocally generated, or defined,
by X_{1} , . . . , X_{r}.
Let D^{\perp} denote the annihilators of D , that is, D=\displaystyle \bigcup_{p\in M}D_{p}^{\perp} with
D_{p}^{\perp} = {  $\alpha$\in T_{p}^{*}M;\langle $\alpha$,  v\rangle =0 for all v\in D_{p} }.
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Clealy D^{\perp} is a subbundle of the cotangent bundle T^{*}M of rank s , where s=\dim M-r.
If \{$\omega$^{1}, :::, $\omega$^{s} \} is a local basis of D^{\perp} , we say that D is locally defined by the Pfaff system
\{$\omega$^{1}, :::, $\omega$^{r}\} or by the Pfaff equations:
$\omega$^{1} =. . . =$\omega$^{s}=0.
In this sense, a distribution is also called a differential system or a Pfaff system.
Given an r‐dimensional distribution D on M , one of the most important problems
that has been studied since the nineteenth century is to study integral manifolds of D.
An immersed submanifold f : S\rightarrow M is called an integral manifold of D if
f_{*}T_{s}S\subset D_{f(s)} for all s\in S.
Evidently the dimension of an integral manifold is \leq  r . However, it is not always the
case that there exists an r‐dimensional integral manifold.
Definition 2.1. A distribution D of dimension r on M is called completely
integrable if about every point p_{0} \in  M there is a coordinate system (U, (x1, :::, x^{n}))
such that all the submanifolds of U given by x^{r+1} = const, x^{r+2}= const, :::, x^{n}= const
are integral manifolds of D.
As is well‐known, the Frobenius theorem gives a criterion for D to be completely
integrable:
Theorem 2.2 (Frobenius . A distribution D on M is completely integrable if
and only ifD is involutive, that is, D satisfies the condition: For any open set U\subset M,
the Lie bracket [X, Y] of sections X, Y of D on U is also a section of D.  Moreover, if
D is completely integrable then the manifold M is a disjoint union \displaystyle \bigcup_{ $\lambda$}L_{ $\lambda$} of the maximal
connected r ‐dimensional integral manifolds L_{ $\lambda$} of D , each L_{ $\lambda$} being called a leaf of D.
The problem of finding integral manifolds of distributions which are not completely
integrable are treated by Cartan‐Kähler theory.
Now let us proceed to consider integral curves of D . In order to well analyze the
length functional we had better expand the class of curves to consider to that of the
absolutely continuous curves: A continuous curve  $\gamma$ :  I \rightarrow  M, I being an interval
[a, b] of R , is absolutely continuous if it has a derivative for almost all t , and if in any
coordinate system the components of this derivative are measurable functions. We then
define an integrable curve of D to be an absolutely continuous curve  $\gamma$ :  I\rightarrow  M such
that \dot{ $\gamma$} \in  D_{ $\gamma$(t)} for almost all t \in  I . An integral curve of D is also called an integral
path, a D‐arc, or a \mathrm{h}orizontal curve.
If \{X_{1}, :::, X_{r}\} is a local basis of D defined on an open set U\subset M , then a curve
 $\gamma$ :  I\rightarrow U is an integral curve of D if
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(*) \dot{ $\gamma$}(t)=c_{1}(t)(X_{1})_{ $\gamma$(t)}+\cdot \cdot \cdot+c_{r}(t)(X_{r})_{ $\gamma$(t)}
for some functions c_{1}(t) , :::, c_{r}(t) . Conversely if the function c_{1}(t) , :::, c_{r}(t) and  $\gamma$(t_{0}) at
some t_{0} \in I are assigned then the curve  $\gamma$(t) is determined by the ordinary differential
equation (*) . In control theory c_{1} , :::, c_{r} are interpreted as control parameters and D
(or X1, :::, X_{r} ) is regarded as a control system.
If two points p, q \in  M can be joined by an integral curve of D , we say that q is
reachable from p , If D is completely integrable then the set of all points reachable from
p is the leaf passing through p.
Let us now introduce a class of distributions which are in a sense at the opposite
end from the completely integrable distributions.
Definition 2.3. A distribution D on M is called nonholonomic or bracket‐
generating if for any local basis X_{1} , :::, X_{r} of D on U the collection of all vector fields
\{X_{i}, [X_{i}, X_{j}], [X_{i}, [X_{j}, Xk]], :::\} generated by Lie brackets of the X_{i} spans the whole
tangent bundle TU.
This definition can be rephrased as follows: Let \mathrm{D} denote the sheaf of germs of
section of D . Define the sheaves \{\mathcal{D}^{k}\}_{k\geq 1} inductively by setting first \mathcal{D}^{1} =\mathrm{D} and then
\mathcal{D}^{k+1} =\mathcal{D}^{k}+[\mathcal{D}^{1}, \mathcal{D}^{k}] (k\geq 1) .
Then D is completely integrable if \mathcal{D}^{1} =\mathcal{D}^{2} , and nonholonomic \mathrm{i}\mathrm{f}\cup \mathcal{D}^{k} =\underline{TM}.
The following theorem of Chow [7] is fundamental.
Theorem 2.4 (Chow . Let M be a connected manifold and D a nonholonomic
distribution on M , then there exists for any two points p, q \in  M a piecewise smooth
integral curve by which p and q can be joined.
A detailed proof can be also found in [17], or in [15].
§3. Subriemannian distance
If (M, D, g) is a subriemannian manifold, and p\in M, v\in D_{p} , we define the length
\Vert v\Vert_{g} of v by
\Vert v\Vert_{g}=g_{p}(v, v)^{\frac{1}{2}}
If  $\gamma$ : [a, b] \rightarrow M is an integral curve of D , then we define the length of  $\gamma$ by
\displaystyle \Vert $\gamma$\Vert_{g}=\int_{a}^{b}\Vert\dot{ $\gamma$}(t)\Vert_{g}dt:
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If  $\gamma$ is not an integral curve, we agree to define \Vert $\gamma$\Vert_{g}=+\infty . We then define a function
 d_{g} :M\times M\rightarrow R\cup\{\infty\} by
d_{g}(p, q)=\displaystyle \inf\{\Vert $\gamma$\Vert_{g};\partial $\gamma$=(p, q
where we denote \partial $\gamma$=( $\gamma$(a),  $\gamma$(b)) .
If M is connected and D is bracket‐generating, then d_{g} : M\times M\rightarrow R is a metric
function on M and the topology on M that the metric determines coincides with the
original manifold topology of M . The first assertion follows from Chows theorem and
the second assertion follows from the Ball‐Box Theorem ([15], See p.29). The distance
d_{g} : M\times M\rightarrow R is called subriemannian distance or Carnot‐Caratheodory metric.
If an integral curve  $\gamma$ : [a, b] \rightarrow M of D satisfies
d_{g}( $\gamma$(a),  $\gamma$(b))= \Vert $\gamma$\Vert_{g},
 $\gamma$ is called a minimizer. Concerning minimizers, here we cite the following two theorems
([15], p.10 ):
Theorem 3.1 (Local existence). If  D is a nonholonomic distribution on a man‐
ifold M , then any point p ofM is contained in a neighbourhood U such that every q in
U can be connected to p by a minimimizer.
Theorem 3.2 (Global existence). Let M be a connected manifold and D a non‐
holonomic smooth distribution on M , and suppose that M is complete relative to the
subriemannian distance function. Then any two points ofM can be joined by a mini‐
mizer.
§4. Hamiltonian formalism
If M is a manifold and  k\in \{0 , 1, \cdots , \}\cup\{\infty\} , we use C^{k}(M) to denote the set of
all real‐valued functions on M that are class C^{k} , and V^{k}(M) to denote the set of all
vector fields of class C^{k} on M.
If N is a symplectic manifold with symplectic 2‐form  $\Omega$ , and  H \in  C^{1}(N) , we use
H to denote the Hamiltonian vector field associated to H. H is the vector field V
on N such that  $\Omega$(X, V) = \langle dH,  X\rangle for every vector field  X on N . If  H\in  C^{k}(N) and
 k\geq  1 , then vector field H is of class C^{k-1} . If H, K\in C^{1}(N) , then the Poisson bracket
\{H, K\} is the directional derivative of K in the direction of H , i.e.,
\{H, K\}= \langle dK, H\rangle = $\Omega$(H, K) .
Then we have the following formulas
\{H, KL\}=\{H, K\}L+\{H, L\}K,
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\{H, \{K, L\}\}+\{K, \{L, H\}\}+\{L, \{H, K\}\}=0,
and
\vec{HK}=HK+KH.
Note also the fact that the map H\rightarrow H is a Lie algebra homomorphism from (C^{\infty}(N), \{, \})
to (V^{\infty}(N), [, ]) .
The cotangent bundle T^{*}M of a manifold M has a natural symplectic structure
determined by the 2‐form $\Omega$_{M}=d$\omega$_{M} , where $\omega$_{M} is the Liouville form given by
$\omega$_{M}(x,  $\lambda$) (v)=\langle $\lambda$,  d$\pi$_{M}^{*}(v)\rangle for  v\in T_{(x, $\lambda$)}(T^{*}M) ,
$\pi$_{M}^{*} being the projection T^{*}M\rightarrow M . Relative to a coordinate chart
T^{*} $\kappa$=(x^{1}, \ldots, x^{n}, $\lambda$_{1}, \ldots, $\lambda$_{n})
induced by a chart  $\kappa$= (x1, :::, x^{n}) on M , we have the formulas
$\omega$_{M}=\displaystyle \sum_{j}$\lambda$_{j}dx^{j},
$\Omega$_{M}=\displaystyle \sum_{j}d$\lambda$_{j}\wedge dx_{j},
H=\displaystyle \sum_{j}(\frac{\partial H}{\partial$\lambda$_{j}}\frac{\partial}{\partial x_{j}}-\frac{\partial H}{\partial x_{j}}\frac{\partial}{\partial$\lambda$_{j}}) ,
\displaystyle \{H, K\}=\sum_{j}(\frac{\partial H}{\partial$\lambda$_{j}}\frac{\partial K}{\partial x_{j}}-\frac{\partial H}{\partial x_{j}}\frac{\partial K}{\partial$\lambda$_{j}})
To each vector field X on M we associated the function H_{X} : T^{*}M\rightarrow R given by
H_{X}(q,  $\lambda$)=\langle $\lambda$,  X(q)\rangle for  $\lambda$\in T_{q}^{*}M.
Then H_{X} is of class C^{k} if and only if X is. Moreover,
d$\pi$_{M}^{*}(H_{X}(x,  $\lambda$))=X(x) for all (x,  $\lambda$) \in T^{*}M
The identity
\{H_{X}, H_{Y}\}=H_{[X,Y]}
holds for X, Y \in  V^{1}(M) , and therefore the map X \rightarrow  H_{X} is a Lie algebra homomor‐
phism from (V^{\infty}(M), [_{;}])\mathrm{n}\mathrm{t} to (C^{\infty}( $\tau$ \mathrm{f}\mathrm{i}M)_{\mathrm{H}}!X\})_{\mathrm{i}\mathrm{s}} called the Hamiltonian lift of X.If X\in V^{1}( ) t en the vector field
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§5. Normal extremals
Let (M, D, g) be a subriemannian manifold. If (p,  $\lambda$) \in  T^{*}M , then the restriction
 $\lambda$|_{D_{p}} of  $\lambda$ to the subspace  D_{p} of T_{p}M has well‐defined norm, since D_{p} is an inner product
space. We will use \Vert $\lambda$\Vert_{g} to denote this norm. The function E:T^{*}M\rightarrow R given by
E(x,  $\lambda$)=-\displaystyle \frac{1}{2}\Vert $\lambda$\Vert_{g}^{2}
is the energy function of the subriemannian structure (D, g) .
Definition 5.1. A normal biextremal of a subriemannian structure (D, g) is a
curve \mathrm{r}^{\mathrm{t}}:I\rightarrow T^{*}M such that
(i) \mathrm{r}^{\mathrm{t}} is an integral curve of the Hamiltonian vector field \`{E} , namely
\dot{\mathrm{r}}^{\mathrm{t}}(t)=\^{E}_{ $\Gamma$(t)}
(ii) E does not vanish along F.
A normal extremal is a curve in M which is a projection of a normal biextremal.
Theorem 5.2. Let (M, D, g) be a subriemannian manifold. Then every normal
extremal is locally length minimizing.
This theorem is non‐trivial, but the proof is similar to that of riemannian case.
However, contrary to the riemannian case, the converse of the theorem does not hold.
There appeared several papers asserting that every minimizer of a subriemannian man‐
ifold is a normal extremal. But Kupka [11] and Montgomery [14] proved that there
exists a subriemannian manifold and a minimizer of the subriemannian manifold which
is not a normal extremal. Such a minimizer is called an abnormal minimizer. In the
following sections we will give a characterization of the abnormal minimizers.
§6. Characteristic system
Let (N,  $\Omega$) be a symplectic manifold. For a submanifold S of N we define the
characteristic system (bundle) \mathrm{C}\mathrm{h}(S) of by
\mathrm{C}\mathrm{h}(S)=TS\cap(TS)^{\perp},




(T_{s}S)^{\perp} = {v\in T_{s}N; $\Omega$(v, u)=0 for all u\in T_{s}S}.
Let F_{1} , :::, F_{r} be local defining equations of S , say, defined on a neighbourhood U
of s_{0} \in S such that (dF_{1})_{s} , :::, (dF_{r})_{s} are linearly independent for s\in U and
U\cap S=\{F_{1} =\cdots=F_{r}=0\}.
From the very definition of Hamiltonian vector field we see immediately that
\{(F_{1})_{S}\rightarrow, . . . , (F_{r})_{S}\}\rightarrow
forms a basis of (T_{s}S)^{\perp} for s\in U . Hence we have
Ch (S)_{s}=T_{s}S\cap\langle(F_{1})_{s}\rightarrow , . . . , (F_{r})_{s}\rangle\rightarrow.
Let  $\Omega$_{S}=$\iota$_{S}^{*} $\Omega$ , where  $\iota$_{S} : S\rightarrow N is the canonical inclusion, and let:
Nulls ($\Omega$_{S}) = {v\in T_{s}S;$\Omega$_{S}(v, u)=0 for all u\in T_{s}S}.
Then it is clear that
Ch (S)_{s} = Nulls ($\Omega$_{S}) .
We then have:
Proposition 6.1. For a submanifold S of a symplectic manifold (N,  $\Omega$) , the
characteristic system \displaystyle \mathrm{C}\mathrm{h}(S)=\bigcap_{s\in S}\mathrm{C}\mathrm{h}(S)_{s} \subset TS is given by:
\mathrm{C}\mathrm{h}(S)_{s}=T_{s}S\cap(T_{s}S)^{\perp}
=(T_{S}S)\cap\langle(F_{1})_{s}\rightarrow , . . . , (F_{r})_{s}\rangle\rightarrow
= Nulls ($\Omega$_{S})
If dimCh (S)_{s} is constant, then \mathrm{C}\mathrm{h}(S) is a completely integrable subbundle of TS.
The last assertion of the proposition follows from the exactness of the symplectic
form.
§7. Abnormal extremals
Let (M, D, g) be a subriemannian manifold. We denote by D^{\perp} the annihilator
bundle of D and by \mathrm{C}\mathrm{h}(D^{\perp}) its characteristic system.
Definition 7.1. An abnormal biextremal of (M, D, g) is an curve \mathrm{r}^{\mathrm{t}} : I \rightarrow
 D^{\perp}\backslash \{O\} (O denoting the zero section) such that \mathrm{r}^{\mathrm{t}}(t) \in \mathrm{C}\mathrm{h}(D^{\perp})_{ $\Gamma$(t)} for almost all
 t\in  I . An abnormal extremal of (M, D, g) is a curve in M which is a projection of an
abnormal biextremal.
The duality of abnormal extremals on subriemannian Cartan structures 121
It should be remarked that the above definition does not depend on the metric g
but depends only on (M, D) .
If \{X_{1}, :::, X_{r}\} is a local basis of D defined on U \subset  M , then H_{X_{1}} , :::, H_{X_{r}} give
defining equations of D^{\perp} on ($\pi$_{M}^{*})^{-1}U . Hence by Proposition 6:1 , we have
Ch (D^{\perp})_{z}=T_{z}D^{\perp}\cap\langle(H_{X_{1}})_{z}\rightarrow , :::, (H_{X_{r}})_{z}\rangle\rightarrow.
Therefore a curve \mathrm{r}^{\mathrm{t}} :  I\rightarrow ($\pi$_{M}^{*})^{-1}U\backslash \{O\} is an abnormal biextremal of (M, D) if and
only if
\left\{\begin{array}{l}
(\mathrm{i}) H_{X_{i}}(\mathrm{r}^{\mathrm{t}}(t))=0 \mathrm{f}\mathrm{o}\mathrm{r} \mathrm{a}\mathrm{l}\mathrm{l} t\in I \mathrm{a}\mathrm{n}\mathrm{d} i=1, . . . , r\\
(\mathrm{i}\mathrm{i}) \mathrm{r}^{\mathrm{t}}(t) \in \langle(H_{X_{1}})_{ $\Gamma$(t)}\rightarrow, :::, (H_{X_{r}})_{ $\Gamma$(t)}\rangle\rightarrow \mathrm{f}\mathrm{o}\mathrm{r} \mathrm{a}\mathrm{l}\mathrm{m}\mathrm{o}\mathrm{s}\mathrm{t} \mathrm{a}\mathrm{l}\mathrm{l} t\in I
\end{array}\right.
By using the Pontryagin Maximam Principle on Control system, it is shown that
the following theorem holds (see [12], p.81, Appendix B).
Theorem 7.2. Let (M, D, g) be a subriemannian manifold, and let  $\gamma$ : [a, b] \rightarrow
 M be a length‐minimizer parametrized by arc‐length. Then  $\gamma$ is a normal extremal or
an abnormal extremal.
§8. Extremals on the standard Cartan distribution
As was shown by Cartan [6], a generic Pfaff system defined by three Pfaff equations
in the space of five variables, that is, a tangent distribution  D of rank 2 on R^{5} enjoys
interesting properties: Its automorphism group makes a Lie group of dimension not
greater than 14, and if the maximal dimension is attained, then the automorphism
group is locally isomorphic to the exceptional simple Lie group G_{2} and the tangent
distribution D is locally isomorphic to the standard Cartan distribution defined as
follows: Let (x^{1}, x^{2}, x^{3}, x^{4}, x^{5}) be the standard coordinates of R^{5} and let the vector
fields X_{1} , :::, X5 be given by:
X_{1} = \displaystyle \frac{\partial}{\partial x^{1}}-\frac{1}{2}x^{2}\frac{\partial}{\partial x^{3}}-(x^{3}-\frac{1}{2}x^{1}x^{2})\frac{\partial}{\partial x^{4}}
X_{2}= \displaystyle \frac{\partial}{\partial x^{2}}+\frac{1}{2}x^{1}\frac{\partial}{\partial x^{3}}-(x^{3}+\frac{1}{2}x^{1}x^{2})\frac{\partial}{\partial x^{5}}
X_{3}= \displaystyle \frac{\partial}{\partial x^{3}}, X_{4}= \frac{\partial}{\partial x^{4}}, X_{5}= \frac{\partial}{\partial x^{5}}.





\mathrm{T}\mathrm{h}\mathrm{e} \mathrm{o}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{s} \mathrm{a}\mathrm{r}\mathrm{e} \mathrm{t}\mathrm{r}\mathrm{i}\mathrm{v}\mathrm{i}\mathrm{a}\mathrm{l}
\end{array}\right.
122 Yumiko Kitagawa
















Let us take D to be the tangent distribution spanned by X_{1} and X_{2} , that is,
\mathrm{r}^{\mathrm{t}}(D)=\langle X_{1}, X_{2}\rangle=\{$\omega$^{3}=$\omega$^{4}=$\omega$^{5}=0\}.
Then, choosing a subriemannian metric g on D so that \{X_{1}(p), X_{2}(p)\} forms an or‐
thonormal basis of D_{p} , we consider the subriemannian manifold (R^{5}, D, g) .
Let us determine the normal extremals and the abnormal extremals of this subrie‐
mannian manifold.
If (x^{1}, x^{2}, x^{3}, x^{4}, x^{5},p_{1},p_{2},p_{3},p_{4},p_{5}) are the local coordinates in T^{*}R^{5} , the energy
function E of (D, g) is given by
E=-\displaystyle \frac{1}{2}[\{p_{1}-\frac{1}{2}x^{2}p_{3}-(x^{3}-\frac{1}{2}x^{1}x^{2})p_{4}\}^{2}
+\displaystyle \{p_{2}+\frac{1}{2}x^{1}p_{3}-(x^{3}+\frac{1}{2}x^{1}x^{2})p_{5}\}^{2}].
Then the Hamiltonian vector field È is given by
\displaystyle \^{E}=-A\frac{\partial}{\partial x^{1}}-B\frac{\partial}{\partial x^{2}}+(\frac{1}{2}x^{2}A-\frac{1}{2}x^{1}B)\frac{\partial}{\partial x^{3}}+(x^{3}-\frac{1}{2}x^{1}x^{2})A\frac{\partial}{\partial x^{4}}
+(x^{3}+\displaystyle \frac{1}{2}x^{1}x^{2})B\frac{\partial}{\partial x^{5}}+\{\frac{1}{2}x^{2}p_{4}A+(\frac{1}{2}p_{3}-\frac{1}{2}x^{2}p_{5})B\}\frac{\partial}{\partial p_{1}}
+\displaystyle \{(\frac{1}{2}x^{1}p_{4}-\frac{1}{2}p_{3})A-\frac{1}{2}x^{1}p_{5}B\}\frac{\partial}{\partial p_{2}}+(-p_{4}A-p_{5}B)\frac{\partial}{\partial p_{3}},















Differentiating the equation (8.1), and substituting (8.3),(8.4),(8.5),(8.8),(8.10),(8.11)
into it, we have
(8.13) x^{1} =p_{3}x^{2}.
Similarly differentiating (8.2), and substituting (8.3),(8.4),(8.5),(8.9),(8.10),(8.12) into
it, we have
(8.14) x^{2}=-p_{3}x^{1}.
On the other hand, p_{4}, p_{5} are constant by (8.11), (8.12). Then integrating (8.10), we
have:
(8.15) p_{3}=p_{4}x^{1}+p_{5}x^{2}+C,
where C is a constant. Therefore the second order differential equations with respect
to x^{1} and x^{2} are given in the formulae (8.13), (8.14) and (8.15). These equations for




















obtained by the rotation of \displaystyle \frac{ $\pi$}{2} of the velocity vector \left(\begin{array}{l}
x^{1}\\
x^{2}
\end{array}\right) with the scalar multiplica‐
tion of p_{3} , this equation represents the equation of motion of an electron moving in a
plane under a magnetic field whose direction is perpendicular to the plane and whose











Then we also have
\displaystyle \mathrm{y}= \frac{1}{2}x^{2}+k,







-\displaystyle \frac{1}{4}x^{2}(x^{2}+4k) \geq 0




moves periodically between -2\sqrt{-k} and 2\sqrt{-k}.
Now we will give the differential equations that an abnormal extremal \mathrm{r}^{\mathrm{t}} : I(=
[ $\alpha$,  $\beta$])\rightarrow T^{*}R^{5}\backslash \{O\} of D must satisfy. If we choose the local coordinates
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(x^{1}, x^{2}, x^{3}, x^{4}, x^{5},p_{1},p_{2},p_{3},p_{4},p_{5}) in T^{*}R^{5} , the Hamiltonian function H_{X_{1}} and H_{X_{2}}
can be expressed as
H_{X_{1}}=p_{1}- \displaystyle \frac{1}{2}x^{2}p_{3}- (x^{3}- \frac{1}{2}x^{1}x^{2})p_{4},
H_{X_{2}}=p_{2}+\displaystyle \frac{1}{2}x^{1}p_{3}-(x^{3}+\frac{1}{2}x^{1}x^{2})p_{5}.
By the definition of an abnormal extremal of (M, D) , H_{X_{1}} and H_{X_{2}} should vanish
along the curve F. Hence we have:
p_{1} - \displaystyle \frac{1}{2}x^{2}p_{3} - (x^{3} - \frac{1}{2}x^{1}x^{2})p_{4} = 0,
p_{2} + \displaystyle \frac{1}{2}x^{1}p_{3} - (x^{3} + \frac{1}{2}x^{1}x^{2})p_{5} = 0.
Now the Hamiltonian lift of H_{X_{1}} of X_{1} and H_{X_{2}} of X_{2} can be expressed as:
H_{X_{1}}=\displaystyle \frac{\partial}{\partial x^{1}}- \frac{1}{2}x^{2}\frac{\partial}{\partial x^{3}}- (x^{3}- \frac{1}{2}x^{1}x^{2})\frac{\partial}{\partial x^{4}}
-\displaystyle \frac{1}{2}x^{2}p_{4}\frac{\partial}{\partial p_{1}}- (\frac{1}{2}x^{2}p_{4}- \frac{1}{2}p_{3})\frac{\partial}{\partial p_{2}}+p_{4}\frac{\partial}{\partial p_{3}},
H_{X_{2}}=\displaystyle \frac{\partial}{\partial x^{2}}+\frac{1}{2}x^{1}\frac{\partial}{\partial x^{3}}-(x^{3}+\frac{1}{2}x^{1}x^{2})\frac{\partial}{\partial x^{5}}
- (\displaystyle \frac{1}{2}p_{3}- \frac{1}{2}x^{2}p_{5})\frac{\partial}{\partial p_{1}}+\frac{1}{2}x^{1}p_{5}\frac{\partial}{\partial p_{2}}+p_{5}\frac{\partial}{\partial p_{3}}.
Then the following conditions must be satisfied:
\mathrm{r}^{\mathrm{t}}(t) =a^{1}(t)(H_{X_{1}})_{ $\Gamma$(t)}+a^{2}(t)(H_{X_{2}})_{ $\Gamma$(t)},
where a^{1}(t) and a^{2}(t) are some functions on I.
Therefore if \mathrm{r}^{\mathrm{t}}(t) = (x(t),p(t)) is an abnormal extremal of (M, D) then (x(t),p(t))
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satisfies the following equations,
(8.16) x^{1}=a^{1}
(8.17) x^{2}=a^{2}
(8.18) x^{3}=-a\overline{2} x +\overline{2}^{a} x1 1 2 1 2 1
(8.19) x^{4}=-a^{1}(x^{3}-\displaystyle \frac{1}{2}x^{1}x^{2})
(8.20) x^{5}=-a^{2}(x^{3}+\displaystyle \frac{1}{2}x^{1}x^{2})
(8.21) p_{1}=-\displaystyle \frac{1}{2}a^{1}x^{2}p_{4}-a^{2} (\frac{1}{2}p_{3}-\frac{1}{2}x^{2}p_{5})






Differentiating the equation (8.27), and substituting (8.16), (8.17), (8.18), (8.22), (8.23),
(8.25) into it, we have
p_{3}x^{1} =0.
Similarly differentiating (7.26), and substituting (8.16), (8.17), (8.18), (8.21), (8.23),
(8.24) into it, we have
p_{3}x^{2}=0.
From these equations on account of (8.16), (8.17), it follows that if














where  $\varphi$ is a function along the abnormal biextremal. If we set
 $\psi$=\displaystyle \int_{ $\alpha$}^{t} $\varphi$(s)ds,











where q^{1} = x^{1}( $\alpha$) , q^{2} = x^{2}( $\alpha$) . Then x^{3}, x^{4}, x^{5} are obtained by integrating (8.18),
(8.19), (8.20). Thus the lines in (x^{1}, x^{2}) ‐space give rise to the abnormal extremals.
§9. Control system
We need the following generalized notion of control systems [1]. Let M be a man‐
ifold. A control system on M is given by a locally trivial fibration $\pi$_{\mathcal{U}} : \mathcal{U} \rightarrow  M over
M and a fibered map F : \mathcal{U}\rightarrow TM over the identity of M . In this paper, we assume
that the fibre U of $\pi$_{\mathcal{U}} : \mathcal{U} \rightarrow  M is an open subset of R^{r} . Note that we mainly treat
a local case where $\pi$_{\mathcal{U}} is trivial. However our results do not depend on any choice of
trivialisation of $\pi$_{\mathcal{U}}.
For a given control system, an L^{\infty} (measurable, essentially bounded) map c :
[a, b] \rightarrow \mathcal{U} on an interval is called an admissible control if the curve  $\gamma$ :=$\pi$_{\mathcal{U}}\circ c : [a, b] \rightarrow
 M satisfies \dot{ $\gamma$}(t) = F(c(t)) , for almost every t \in [a, b] . Then the Lipschitz curve  $\gamma$ is
called a trajectory. In what follows we use the term \backslash \backslash \mathrm{p}\mathrm{a}\mathrm{t}\mathrm{h} for a smooth (C^{\infty}) immersive
trajectory regarded up to parametrisation.
The initial (resp. end) point of  $\gamma$ is given by  $\gamma$(a) = $\pi$_{\mathcal{U}}(c(a)) (resp.  $\gamma$(b) =
$\pi$_{\mathcal{U}}(c(b)) . Note that, in our terminology, the term \backslash \backslash control contains the data on both
the \backslash \backslash control in usual sense and (the initial point of) the trajectory. Therefore trajectory
is determined uniquely by the control, while the control is not unique for the trajectory
in general.
If we write locally x(t) =  $\gamma$(t) and c(t) = (x(t), u(t)) , under a local triviality
\mathcal{U}|_{V} \cong  V \times  U over an open set V \subset  M , then the control system is expressed by
a family of vector fields, \{f_{u}\}_{u\in U}, f_{u}(x) = F(x, u) over V \subset  M and by the equation
\dot{x}(t) =f_{u(t)}(x(t)) . In this local situation or in the case where the fibration $\pi$_{\mathcal{U}} is globally
trivial, for a given initial point, u(t) is called a control defining the trajectory x(t) as
usual. Note that, for a given initial point q_{0} and a given L^{\infty} control u(t) , the Cauchy
problem f_{u}(x) = F(x, u) , x(0) = q_{0} , has a unique Lipschitz solution (trajectory) x(t)
depending smoothly on q_{0} by the classical Carathéodory theorem.
Now, given a control system and given a point q_{0} \in  M , we denote by C_{ad} the set
of all admissible controls c : [a, b] \rightarrow \mathcal{U} with the initial point $\pi$_{\mathcal{U}}(c(a)) = q_{0} . Then it
is known that C_{ad} is a Banach manifold ([2]). The endpoint mapping \mathcal{E} : C_{ad} \rightarrow  M
is defined by \mathcal{E}(c) := $\pi$_{\mathcal{U}}(c(b)) . The control c with the initial point $\pi$_{\mathcal{U}}(c(a)) = q_{0}
is called singular or abnormal, if it is a singular point of \mathcal{E} , namely if the differential
\mathcal{E}_{*} : T_{c}C_{ad} \rightarrow  T_{\mathcal{E}(c)}M is not surjective. If c is a singular control, then the trajectory
 $\gamma$=$\pi$_{\mathcal{U}}\circ c is called a singular trajectory or an abnormal extremal ([2][3]).
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Let D \subset  TZ be a Cartan distribution. Then, it is known that for any point y of
Y and for any direction \ell\subset D_{y} , there exists uniquely a singular D‐path (an immersed
abnormal extremal) through y with the given direction \ell . Thus the singular  D‐paths
form another five dimensional manifold X.
And let Z=PD=(D-0)/R^{\times} be the space of tangential lines in D, \dim(Z)=6.
Then Z is naturally foliated by the liftings of singular D‐paths, and we have locally
double fibrations:
Y\leftarrow^{Y}Z $\pi$\rightarrow X$\pi$_{X}.
Let E\subset TZ be the Cartan prolongation of D\subset TY : For each (y, \ell) \in Z, \ell\subset T_{y}Y,
E_{(y,\ell)} :=$\pi$_{Y*}^{-1}(\ell) . Then E is a distribution with growth (2, 3, 4, 5, 6).
If we put L=Ker($\pi$_{Y*}) , K=Ker($\pi$_{X*}) , then we have a decomposition E=L\oplus K
by integrable subbundles.
A cone field C\subset TX is defined by setting, for each x\in X,
C_{x} := \cup $\pi$_{X*}(L_{z}) \subset T_{x}X
z\in$\pi$_{\overline{X}}^{1}(x)




$\pi$_{Y*}|_{E} $\pi$_{X*}|_{E}D \leftarrow E=L\oplus K\rightarrow C
\downarrow \downarrow \downarrow
 Y X
We regard the cone field as a control system over X :
$\pi$_{X*}|_{L}\mathbb{C}:L\rightarrow TX\rightarrow X.
Then we have the following main theorem([8]):
§10. Duality and asymmetry
Theorem 10.1. Singular paths of the control system
$\pi$_{X*}|_{L}\mathbb{C}:L\rightarrow TX\rightarrow X
are given by $\pi$_{X} ‐images of $\pi$_{Y} ‐fibres.
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Proof. Let  $\gamma$ :  I\rightarrow X be a singular \mathbb{C}‐trajectory Then, by the next Lemma 10.2
([8]),  $\gamma$ lifts to a Lipschitz abnormal bi‐extremal  $\beta$ :  I\rightarrow  L\times x^{T^{*}X} for C. Then, by
Lemma 10.2 ([8]),  $\gamma$ lifts to a singular \mathrm{E}‐trajectory \overline{ $\gamma$} for the projection $\pi$_{X} : Z \rightarrow X,
 $\pi$_{X}\circ\overline{ $\gamma$}= $\gamma$ . Since  $\gamma$ is immersive, \overline{ $\gamma$} is also immersive. By Proposition 10.3, \overline{ $\gamma$} is either
a $\pi$_{Y} ‐fibre or the lift of a singular D‐trajectory. In this case, \overline{ $\gamma$} must be a $\pi$_{Y} ‐fibre, and
we have that  $\gamma$ is the  $\pi$_{X} ‐image of a $\pi$_{Y} ‐fibre up to parametrisation.
\square 
Therefore, for any x \in  X and for any direction \ell \subset  C_{x} , there exists uniquely a
singular \mathbb{C}‐paths passing through x with the direction \ell at  x.
The original space Y is identified with the space of singular paths on the space X,
the space of singular paths on Y.
Lemma 10.2. ([8]) A path on X is a singular \mathbb{C} ‐path if and only if it is a
singular \mathrm{E}/$\pi$_{X} ‐path. Any singular \mathrm{E}/$\pi$_{X} ‐path on X lifts to a \mathrm{E} ‐path on Z via $\pi$_{X} :
Z\rightarrow X.
Proposition 10.3. ([8]) Let D be a distribution with growth (2, 3, 5) on a five
dimensional manifold Y , and (Z, E) the Cartan prolongation of D. Then any singular
E ‐path (un‐parametrised immersed E ‐trajectory) is either a fibre of $\pi$_{Y} : Z\rightarrow Y or the
lift of a singular D ‐path. Any $\pi$_{Y} ‐fibre is a regular singular path of E. The lift of any
singular D ‐path is a totally irregular singular path of E.
A singular path x(t) for E \subset  TZ is called regular singular if it is associated with
an abnormal bi‐extremal (x(t),p(t), u(t)) such that p(t) \in E^{(2)\perp}\backslash E^{(3)\perp} \subset T^{*}Z.
A singular path x(t) for E\subset TZ is called totally irregular singular if any associated
abnormal bi‐extremals satisfies that p(t) \in E^{(3)\perp} \subset T^{*}Z.
Recently the double fibration (Y, D) \leftarrow^{$\pi$_{Y}} (Z, E) \rightarrow^{$\pi$_{X}} (X, C) with G_{2}‐symmetry
have been explicitly constructed in [9]. Our Theorems 10.1, Proposition 10.3 ([8]) show,
from the viewpoint of geometric control theory the duality and asymmetry hold, not
only for G_{2} ‐case, but for general Cartan distributions.
§11. Local characterization of abnormal extremal
The main tool to show Lemma 10.2 and Proposition 10.3 is the following: We see
that if a control is singular then its restriction to any subinterval is singular. In fact, as
a part of Pontryagin maximal principle, the general characterization of singular controls
is known. To state the characterization, consider the fibre product of $\pi$_{\mathcal{U}} : \mathcal{U}\rightarrow M and
$\pi$_{M}^{*} :T^{*}M\rightarrow M :
\mathcal{U}\times {}_{M}T^{*}M :=\{(w,  $\varphi$) \in \mathcal{U}\times T^{*}M;$\pi$_{\mathcal{U}}(w)=$\pi$_{M}^{*}( $\varphi$)\},
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(extended cotangent bundle), endowed with the natural projections $\Pi$_{\mathcal{U}} : \mathcal{U}\times {}_{M}T^{*}M\rightarrow
\mathcal{U} and $\Pi$_{M}^{*} : \mathcal{U} \times {}_{M}T^{*}M \rightarrow T^{*}M . Regarding the local triviality \mathcal{U}|_{V} \cong  V\times  U over a
local coordinate neighborhood V\subset M, \mathcal{U}\times {}_{M}T^{*}M is identified with (\mathcal{U}|_{V})\times V(T^{*}M|_{V})
and with T^{*}M|_{V} \times U.
We define the Hamiltonian function H : \mathcal{U} \times {}_{M}T^{*}M \rightarrow  R of the control system
F:\mathcal{U}\rightarrow TM by
H(x,p, u) :=\langle p, F(x, u)\rangle, ((x, u), (x,p)) \in \mathcal{U}\times {}_{M}T^{*}M.
A singular control (x(t), u(t)) is characterized by the liftability to an abnormal
biextremal (x(t),p(t), u(t)) satisfying the constrained Hamiltonian equation
\left\{\begin{array}{l}
i(t)= \frac{\partial H}{\partial p_{i}}(x(t) ,p(t) , u(t)) , (1\leq i\leq m)\\
p_{i}(t)=-\frac{\partial H}{\partial x_{i}}(x(t) ,p(t) , u(t)) , (1\leq i\leq m)\\
\frac{\partial H}{\partial u_{j}} (x(t) ,p(t) , u(t))=0, (1\leq j\leq r) , p(t)\neq 0,
\end{array}\right.
where m is the dimension of manifold M.
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